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MAXWELL’S EQUATIONS IN A PERIODIC STRUCTURE

XINFU CHEN AND AVNER FRIEDMAN

ABSTRACT. Consider a diffraction of a beam of particles in R® when the di-
electric coefficient is a constant ¢, above a surface S and a constant ¢, below

a surface S, and the magnetic permeability is constant throughout R. §
is assumed to be periodic in the x,; direction and of the form x, = f|(s),
x3 = f3(s), x, arbitrary. We prove that there exists a unique solution to the

time-harmonic Maxwell equations in R having the form of refracted waves
for x; > 1 and of transmitted waves for —x; > 1 if and only if there exists a
unique solution to a certain system of two coupled Fredholm equations. Thus,
in particular, for all the ¢’s, except for a discrete number, there exists a unique
solution to the Maxwell equations.

INTRODUCTION

In this paper we consider the Maxwell equations for time harmonic solutions
in the entire space R® , with piecewise constant dielectric coefficient having
jump across a periodic surface. The magnetic permeability x4 is assumed to
be constant whereas the dielectric coefficient ¢ is given by ¢ = ¢, above a
surface S:x; = f(x,;) and & = ¢, below the surface S; &, and ¢, are different
constants. If § is a half-space {x; = 0} then the solution EO, 1-70 can be
computed explicitly. We assume in this paper that S is periodic, i.e.,

flx,+L)=f(x;) Vx, €R(L>0).
We wish to find a solution E, H such that

E - Eo and H— ﬁo are superpositions of “transmitted’ waves
(0.1) in {x; < —A} and of “reflected” waves in {x; > 4} where
A > max|f]|.

In §§1-7 we assume that f € C 2 and we reduce the solution of the Maxwell
equations to a Fredholm system of four integral equations; in §8 we reduce
it further to a Fredholm system of two integral equations. Thus for all but
a discrete sequence of values of the physical parameters there exists a unique
solution to the integral equations, yielding a solution of the Maxwell equations;
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466 XINFU CHEN AND AVNER FRIEDMAN

the solution satisfies (0.1). In §9 we prove that any solution of the Maxwell
equations which satisfies (0.1) is uniquely determined.

In §10 we generalize the previous results to the case where the curve S =
SN {x, =0} is not necessarily of the form x; = f(x,) with f € C? :in fact $
is assumed to be a piecewise C 2 curve, which is not necessarily an x,;-graph. In
particular, the case where f is a step-function is included; this case arises in the
design of digital lenses (oral communication from Dr. Allen Cox at Honeywell).

Integral equations have been used by Benaldi [2] to solve the Maxwell equa-
tions; he used finite-elements schemes for computing the solutions of the integral
equation. The Maxwell equations in periodic structure corresponding to arrays
of antennas were studied by Nedelec and Starling [8]; Bellout and Friedman
[1] studied the Schrédinger equation for a periodic potential, corresponding to
quantum scattering by a slab with periodically varying potential energy.

For the specific problem dealt with in this paper, there is a numerical ap-
proach due to Gaylord and Moharam [5], which is based on approximating
f(x,) by step-functions and using the “separation of variables” method for
solving the approximating problems.

A good background on diffraction optics in grating material, especially from
engineering and numerical points of view, can be found in a collection of articles
edited by R. Petit [9].

1. THE MAXWELL EQUATIONS
We denote points in R® by X =(x,,x,,X3), Y=(y,,%,,;). Let S be
a surface in R’ given by S:x; = f(x,) where f(x,) is periodic of period L:
Sy +L)=f(x)) Yx;

we also assume that f € C 2
Introduce the domains

Q, ={X=(x, x5, X3); X, >f(x3)},
Q, ={X =(x;,x,,X%); x; <fl(x3)}

We assume that the magnetic permeability u is constant throughout space
whereas the dialectric coefficient ¢ satisfies

{81 inQ,
£= .
g, inQ,,

where ¢, , €, are complex constants and ¢, # ¢,. Writing for j =1, 2
_ ! . n e = 8/ + l.EII
e=¢ +ie , ;= E Iz

we further assume that
e; >0, e;' >0;

the case 83./ > 0 accounts for absorption; see, for instance, [4, §82].
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Suppose a beam of particles is incident to the period surface S from above
and it is time periodic of period 27/ . We wish to find the corresponding time
harmonic solution

E@me™™, HRe ™  (F=X=(x,%,,x,))

of the Maxwell equations and, in particular, to investigate the asymptotic be-
havior of the solution as |x;| — oco. Setting

E'=Elg, H =Hj,

Maxwell’s equations in each ; are

(1.1) Vfo—#ﬁfeo inQ,,
(1.2) Vxﬁj+%)£l:fj=0 inQ,,

where ¢ is the speed of light. The weak form of Maxwell’s equations in a
neighborhood of S reduces to the following jump relations:

(1.3) ix(E'-E=0 ons§,
(1.4) ix(H'-H)=0 ons,
(1.5) i (e,E'-,E)=0 ons§,
(1.6) A-(H' -H)=0 ons,

-

where 7 is the downward pointing unit normal to S'.
The incident beam of particles coming from Q, can be represented by the
solution

. - c (0hy Ohy,
wy  EO=0m0,  E0= (G0, 58],
ho =ei(axl—ﬂx3)’
where
2
(1.8) ol +p =2 greal, ImB 0.
C

In the special case S = {x; = 0} the corresponding solution of the Maxwell
equations (1.1)—(1.6) is
. = c Oh oh
H =(0,h,0), Ey=—\{7—,0,—7),
0= 0) 07 jwe (6x3 0 8x1)
PN 4 p(a, B N if x>0,

h=h(x1,x3)={ .

i(ax,—Bx,) -
ta, B)e @™ if x, <0,

(1.9)

where

. . 1/2
(1.10) = {(&’+B)n3=a"}'?,  Imp>0, n,= (i—z) (Snell’s law)
1
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2
(1.11) ta, B) = 2/23n2 _  (transmission coefficient),
Bny+ B
-
(1.12) rle, B) = ﬂn% ﬁ (reflection coefficient).
Bny+ B

Notice that Imf > 0 and Im B > 0 imply exponential decay away from S
(due to absorption).

We wish to find a solution to (1.1)-(1.6) for a general periodic surface S
such that (0.1) holds; this last condition is precisely the condition (9.2) under
which uniqueness is proved in §9.

We look for a solution satisfying:

e "M E(F) and e ™M H(F) are periodic in x, of period L,

1.13
( ) and are independent of x, .

In the sequel we use the notation
é‘]=(130’0)’ 52=(0’1,0)3 é3=(0’031)'
Note that along S
. , f(x))é, — €.
1.14 AX)=d(x,) = —1 1L 3
(1.14) (X = itxy) = (i

Throughout this paper we write

(1.15) a(x,) = {1+ f(x)"}

We conclude this section by proving that equations (1.5), (1.6) follow from
(1.1)-(1.4).
Lemma 1.1. If (E, H) is a solution of (1.1)-(1.4) then (E, H) satisfies also
the equations (1.5), (1.6).

Proof. Take any bounded subdomain F of .S with smooth boundary. By (1.1)
(which is assumed to hold up to the boundary of Q i)

1/2

/ﬁ.ﬂﬁde=/ﬁ.(vXEf)dS= B (i x fiy)dl
F 4 F 8F

L. =
=—/ Fig- (i x E')dl,
OF
where 7i, is the outward unit normal to 9 F . Hence

/i“’_"ﬁ.(ﬁ'—ﬁz)d5=‘/ iy (i x (E' = E?))dl = 0
F C OF

ad!

by (1.3). Since F is arbitrary, #-(H - ﬁz) =0 on S. The proof of (1.5)
follows similarly from (1.2), (1.4).
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2. INTEGRAL REPRESENTATION OF SOLUTIONS

It is easily seen that E and H both satisfy, outside .S, the equation
(2.1) Av+k*v =0, wherek=%/m;

we shall always choose k such that
Rek >0, Imk > 0.

It is natural to expect an integral representation of E, H by means of the
fundamental solution &, of (2.1):

o kIX=Y]

(2.2) O (X-Y)= m—l;

k=Q\/;Tj—Ekj in Q.

4

Motivated by [7] we shall try to find a solution of the form

2.3) E(X)= /

{“"T"f(y)¢k(x —Y)-J(¥)xV,® (X -7Y)
S

+ oV, [f(Y) VD (X — Y)J } ds,,
(2.4) H(X)= / { %f(}’)cbk(x —Y)+1(Y)x V,® (X - Y)
S
c -
+ ronVx [7(r) v, @, (x - Y)]} ds,.
Lemma 2.1. Suppose I(Y) and J(Y) are bounded by O(IYI"'“‘S) as |Y| — oo,

6 > 0 (so that the integrals in (2.3), (2.4) and their derivatives are all well
defined). Then

(2.5) VxE--’%on on R*\S,
(2.6) VxH+22E=0 onR\s.

¢
Proof. Since V,®, = -V, ®, , we have
TxV, @, =-FxV,® =V, x(JD,).

It follows that

— lwﬂ - = C =

E = T/I(Dk—vxX/Jq)k"'VX/EI'VY(Dk'
Using the relations V x V =0 and

Vx(Vxg)=V(V-8)-Ag,
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we deduce that
~ iU - -
VxE:—C—VXx/I(Dk—VXx (VXX/JCDk>
+V, x [VX/.—C—f-vycbk}
=""”/1 x V@, —V, <VX-/f<Dk)+AX/fd>k
iwu - iwe
= T/{vayq)k-l‘mvx(.]'vy(b )+—Jq) }
iop g

1.e., (2.5) holds. The proof of (2.6) is similar.

In the sequel we shall be interested only in [ and J which are independent

of y, and are such that

(2.7) e”'[(y,) and e™" J(y,) are periodic in y, of period L.

We then must show that the integrals in (2.3), (2.4) make sense. This is done

in the next section.
3. PERIODIC FUNDAMENTAL SOLUTION

In the sequel we assume that

2
(3.1) k;e(z”” a> foralln=0,+1,+2,....

Notice that if Ime > 0 then (3.1) is certainly satisfied.

Lemma 3.1. The following formula holds:
e I
(3.2) [ @ x - vydy, = 31 klx -y,

where x = (x,, x;), ¥y = (¥,, y;) and Hé” is a Hankel function.

Proof. Substituting ¢ = (02 +y2)l/2a‘l/2 , we get
2,172 .
) ikal ni

oo ik(a"+y )
e e (1)
————a’y=/ & ar =" (ka);
/0 L T 7

in the last equality we used [6, p. 322, 387 #4] for Imk > 0, where H,"

Hankel function.

In the sequel we use the notation x = (x,, X3), ¥ = (¥, yé) and set

(3.3) Y (x—y) }:/ "“"””HD(X Y +nLe)dy,.

n=—oo

1sa
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For any complex number k in C* = {Imk > 0}, set

2
k2—<2—7££—a>

2
if k* - (Z%Q-a) =

6,2
'

(3.4) B,(k)= \J

% 0<6<2m.

Since k% # (27n /L — a)2 for ke C", B,(k) is a complex analytic function in
C*; furthermore, it is continuous up to {Imk = 0} and
k- (B2 —a)? fork real, k* > (22 —q)’,
(35 Bk)= : : :
iV (22 —a)" —k* forkreal, k* < (22 —q)".
Theorem 3.2. For any k € C* the following holds:
;& Rl =ysl = i2mn/L)x, =)

2L B, (k)

n=—00

(3.6) ¥ (x - y) =

Notice that for k > 0 the infinite series contains a finite number of oscillating
terms, namely those with (2zn/L — a)2 < k*; the remaining terms are expo-
nentially decaying as |x; —y;| — oo, and so is their sum. On the other hand, if
k € C* then all the terms in (3.6) are exponentially decaying as |X5 =y, — 00.

Proof. It suffices to establish (3.6) for y = 0. Set

ik /52+y2+x2
—ias € 3

f(S,.V,x3)=e T
Vst + P+ xt
o0 its
F(t’yax:;):/ e f(S,y,X3)ds-
—00

By the Poisson summation formula [3, p 52]

Z f(x,+nL,y, x3)—z- Z F(zn—n,y,x3> Pl

n=-—00 n=—00
Consequently
= 1 © _(2nn —i2nnx, /L
(3.7) ‘Pk(x)—n;oom</_ooF<T,y,x3) dy)e .

By Bellout-Friedman [1], each integral in the last sum is equal to

0o oo 2n eik\/sz+y2+x§
4/ / cos[(T—a>s]—dsdy
o Jo VSt + P+ xd

2nn _ r) dr=g, (k).

r+x3
—Zn/ 0(
Vi +x:
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[2 .
Jo(z) ~ Esmz as z — 0o,

we easily deduce that the function g, (k) is complex analytic in k for k € c*,
continuous up to Imk = 0. It was proved by Bellout and Friedman [1] that
the boundary values of g,(k) on Imk =0 are given by

PLAGER

(3.8) g, (k)= 2niW for k > 0.

Since

Since both functions
eiﬂ,,(k)lxgl

B,(k)

are complex analytic in C* with the same boundary values on Imk = 0,
k > 0, it follows, by applying unique continuation to their difference, that they
must coincide in C*. Thus (3.8) holds for all complex k, Imk > 0, and using
this in (3.7) the assertion (3.6) follows.

Remark 3.1. Recall, by [6, p. 951, 8.405 #1], that
(3.9) H\"(ka) = Jy(ka) + iNy(ka)

g,(k) and 2mi

and, as z — 0,
Jo(z) =1+ 0(z) [6, p.959, 8.440],
nTNy(z) =2Jy(z)logz + O(z) [6, p. 960, 8.444].

It follows that Y
H((,l)(z) = ;llogz +0(1l) asz—0.

Setting
(3.10) CDk‘O(z) =/ D, (X)dx,,
we conclude from Lemma 3.1 that
1 1
(3.11) ®k,0(x)_§,?logm+0(l) (|x] — 0).

Remark 3.2. Set
®, (x)= / D (x,+n,x,,xy)dx,,

N
gN= Z <I)k,n'

n=—N
n#0

Then
AgN+k2gN=0 forall x, —L/2<x, <L/2,
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and g, is uniformly convergent for |x| = R, (V0 < R < L/2) since the same
is true of g, + D, , (by Theorem 3.2). Hence, by elliptic estimates, g, is
uniformly convergent also in {|x| < R}. It follows that

¥ (x-y)- e_m(x'_y')d)k,o(x =)

is a smooth function also as x —y — 0 and then, by Remark 3.1,
1 1.

(3.12) ¥, (x-y) - Eloglx—_jv—l is smooth Vx, y.

The above argument is due to Nedelec and Starling [8].

Remark 3.3. If we use Lemma 3.1 and apply the Poisson summation formula

to f(s)= e_‘”H(gl)(k\/s2 + x32 ), and then compare the resulting expression for
¥, (x) with that derived in Theorem 3.2, we obtain a formula for the Fourier

transform of Hél)(k\/sZ + aj) for Imk > 0; this formula is already known in
case Imk =0 (see [6, p. 736]).

4. INTEGRAL REPRESENTATION FOR THE PERIODIC CASE

Set
(4.1) E(X)=e ™EWX), H/(X)=e "MHX).
We can assume that [ and J depend only on y, , and set
(4.2) Lp)=e""Ty), Lo)=e"J).
Multiplying both sides of (2.3) by ™" and setting
(4.3) O (X -Y)=e "W (X -T),

we get, after some easy manipulations,
o iou = -
E(X)= /S {Tlacbk,a(X —Y) - J, xV,®, (X-Y)
C -
s VAL 9,0, (X -]}

(4.9) + ia/(.i; x&)D, (X )
) ,

ica

+ —

lwe

/[fa V@ (X -Y)E + (I, - &)V, D, (X -Y)]
c(ia)’
iwe

é‘l/si;-é'ld)k,a(X—Y).

If we integrate with respect to y,, —oo < y, < 0o, we obtain on the right-
hand side of (4.4), the same expressions but with ®_(X —Y) replaced by

~ oo
R B A N LI
—00
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Indeed, we first replace each V, @ by -V P, , then perform the integration

with respect to y,, and finally replace back the -V <D by V d> Assuming
that

(4.5) I';(yl), J;(yl) are L-periodic in y, ,

we can then rewrite (4.4) in the form

" Loy - = N
E.(X) =/0 {—Cﬁla‘l’k(x—y)—.la X V¥, (x - )

+ 1 VL0) -V, W=l o
L
4 T X&), (x —
(4.6) +za/0(axel) (x —j)o
ca [ . I
+—£ (1 VY‘I’k(x ﬁ)el+(la-el)V},‘-I’k(x—J7)]a

where g = g(y,) is defined as in (1.16), and y = (y,, f(¥,)).
Using the notation

0 0 9] 0
Vx_<a_.xl'90)6—';;>’ Vy—<a_yl>0,6—y3>y

omitting the index o in I_; , J-; , and noting that the right-hand side of (4.6) is
independent of x,, we can rewrite (4.6) in the form

(4.7)
L .
E (x)= / {%f\}lk(x ) =T x V¥, (x - )
0
c - .
1Vl V8, (6 = 1 0 (0y)
L
+ ia/o (Jxe)¥, (x-y)a(y,)dy,
ca [T . s X
+ c_oE/ [I- Vy‘}‘k(x -y +1,v lI’k(x -Mla(y,)dy,
0
- ’C—ae / LY, (x - 9oy, dy,
where [ = I(y)) = (I,,1,,1;), J = J(») = (J;, J,, J,); here we wrote
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Similarly, from (2.4) we obtain
= L(iwe s =
(4.8) H (x)= / {—C—J‘I’k(x ~P) +Tx V¥, (x —7)
0
¢ = N
bV ) 9,8, (6 - 9] o),
L
- ia/o (I'xé)¥ (x-P)a(y,)dy,

L
c - ~\ = v
+ wcjt/(, [V, ¥, (x = )8 + V¥ (x = P)la(y,) dy,

2 L

- - -

Lemma 4.1. For any functions 1(y,), J(y,) (0 <y, <L) the functions E, H
defined by (4.1), (4.7) and (4.8) satisfy the Maxwell equations (2.5), (2.6);
further

49)  E(x,+L,x;)=E (x,,x), H(x+L,x;)=H(x,x).

Proof. To prove (2.5), (2.6) we can proceed by appealing to Lemma 2.1 and
rigorously establishing the passage from (2.3), (2.4) to (4.7), (4.8). Alternately
(and more simply) we can establish (2.5), (2.6) directly, using the method of
proof of Lemma 2.1. Finally, the validity of (4.9) is obvious.

We shall henceforth refer to S as either the surface {x; = f(x,)} in R® or
the curve {x; = f(x,)} in R?. We denote points on the curve S by

X=(x;, f(x),  F=, ).

Lemma 4.2. If f(yl) is L-periodic in y, and if I-7i=0 on S, then, for any
z#0,

L L
(4.10) /0 I(y))- (V¥ (X, - D)o(y)dy, = - | p(NY, (X, -V)dy,
where X, = (x, + z, f(x,)), and
. d .
(4-11) p( )=a—(11(y1)0'(y1)), I=(11912313)’
Y1
Proof. Since I-7i=0,
L=1If.
Hence
L o L~ (0¥, . 0Y,.
/0 ol VY (x,-y)= /0 ol - <6—yl_e‘ + 6_y3€3>

L oY oY L d L g4
- al—k+al—k)=/ 1—‘1’:—/—1‘1’;
/0 < layl 33)/3 0 aldyl k 0 dyl(a 1) k
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the boundary terms disappear since o/,'¥, is periodic in y, . This completes
the proof.

Using Lemma 4.2 we can rewrite the formulas (4.7), (4.8) in a more conve-
nient way, by getting rid of some gradients v,. The new representation is
(4.12)

L .
E (x)= /0 {leuoI‘Pk(x —§)— 0T x V¥, (x - )

4 = ~
b reep(D) 9, 5=} dy,

Y A ca (L s
wia [(Tx&)¥x=pob)dy, — 5 [ o508, dy,

ca [F . ica? L (Fa .
o [ a00n W -y - g, [T =500, dy.
(4.13)
= Liwe = . - .
H (x)= TaJ‘l’k(x —P)+al x Vy‘l’k(x -9
0
C =, ~
b bV, ¥, (=9} dy,
L - ca L -
—ia [ KU xE)¥,0c =)o) dy, = o [ oW x = 9)e,dy,
ca [ 5 d
+ w_u 0 U(yl)ley‘Pk(x_y) 34
. 2 L
Icaa . = ~
- w_llel/o Jl\yk(x_y)a(yl)dyl-
5. AUXILIARY ESTIMATES
Let
. 1 = nL
5.1 ¥Y(x)==— log —————.
(5.1 (=57 2 B X+ nLe)|

n=-—00

The series is convergent in the sense of principal value, i.e.,

¥ (x) = —— lim }N: log — k.
Y=oz N—oo &= g|x+nLe"l|’

further -

1 Z (x, +nL, x;)

2n = (x, +nL) +x;

where the convergence is again in the sense of principal value, i.e.,
N

. 1 . (x, + nL, x,)
5.2 V¥ (x) = —=— lim it St Ak E
(52) *x) 2 ,,;N (xl+nL)2+x§

VY (x) =

=—00



MAXWELL’S EQUATIONS IN A PERIODIC STRUCTURE 477

the convergence is uniform in x in every compact set which does not contain

integers.
Set
(5.3) ¥ (x) = L log 1
0 2 C x|

Lemma 5.1. For any z # 0, write %, = X + zé, and let

(54) R (%, 9=V ¥ (X, -7) -V, ¥ (x, -y, 2+ £ (x)0x; - ),
where V ¥, = -V¥,. Then

(5.5) IR, ,(x,9)|<C,

where C is a constant independent of X, ¥, z
Proof. By (3.9) and (5.2) it suffices to show that

|V, W5 (%, = 7) = V,¥5(x, =y, 2+ f (x)x, -y < C,
ie.,
(x, =y 2+ f(x) = f(»)
(X, =y} + (2 + f(x) = )
g =y 2 )0 =)
06 =v)P+ (2 4+ ()%, =)’
The difference of the numerators is (0, f(x,) - f(y,) - f’(xl)(x1 -¥,)), which
is O((x, —y])z). Hence
K < Co+ (Ix, =y, | + 12D){2l20f (x ) - )— (f(x,) = f(yl))]I
+11 (%, - (f(x)) )’I}/N
where N is the product of the denomlnators, or

K < Cy+ C,(Ix, =y, + 12Dl 21(x, = »)* + 1%, = »,'V/N.

<C.

If |z| > (1+C,)|x, —y,| where C, = max|f’|, then N >¢,|z|* (¢, >0) and
consequently K < C. On the other hand if |z| < (1 + C,)|x, —y,| then

K < Cy+ Cylx, —»I*/N < Cy+ C,.
Thus K is bounded in both cases, independently of z, X, y.
Lemma 5.2. Forall z #0,

(5.6) / VY (x,, z+ax,)dx, =

Proof. Notice that V¥" is defined as in (5.2). Therefore, the left-hand side of
(5.6) is equal to the integral

oo
(5.7) / V¥, (x,, z +ax,)dx,
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taken in the p.v. (principal value) sense:
N

1}1_{20 L V¥ (x,, z +ax,)dx,.

To compute the integral in (5.7) we write it in the form
1 [ x,€ +(z+ax,)é

P x12+(z+axl)2 ax,
1 (x, +az/(1 +a)))(é, + aé,)
21 J oo (1 +@%)(x, + az/(1 + a*)* + 2%/(1 + a?)
1 [ (z/(1 +a*)(é, - aé))

) e 1+ az)(xl +az/(1 +a2))2 + zz/(l + az) ax,.
The first integral on the right-hand side (taken in the p.v. sense) is equal to zero
since the integrand is an odd function in x, +az/(1 + az). Since further
1 [* € 1 sgne
7)o (14 a0 (E+6%) T 2144

the assertion of the lemma follows.

Lemma 5.3. Let u(x,) be an L-periodic function, locally in L*. Then

(5.8)
L
21_1’1‘}) (u(yl)_u(xl))qu’ (xl_yl’z+a(x1_y1))dy1
240 70
L - -
* le +ae
= uy,)) —u(x NV. ¥ (x, —y., a(x, — dy, = =1 3HW),
[ w0 = e )V, ¥, =, 0, =y, = 3R @)
where Vy‘l’* means —grad¥*, and
_ _ 1 [ u(y)
5 Hu = (Hu)(x,) = pv.— iy dy,
. X —¢ N
= lim l/] u,) dyl+l/ ) dy,
1\?‘:20 TJ_N XV T Jx+e X — Yy
is the Hilbert transform.
Proof. From (5.2) we see that (5.8) is equivalent to
oo
‘121_11% (u(yl)_u(xﬂ)quja(xl =V Z+a(x|_y1))dy1
240 ¥~
(5.10) - / (u(yy) — w(x,)V, ¥5(x, = 7y, alx, = v,)) dy,
1€, +aé,
== Hu;
2 1+4°

the integrals are taken in the p.v. sense, lim,_, fiVN .
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Consider first the integral of the middle term of (5.10); it is equal to
1 [ (x, —y)(€, + aéy)

— u —u(x
g7 |00 - ) G Sy,
é, + aé, 1/°° u(y,) — u(x,)
=1 3 - — 17 " lsgn(x, —y,)d
2(1+a2)n oo |x1_y1| g( 1 yl) yl
__6+ad 1 [~ uy) dy, = e, + ae, H(w)
20+a) e X =y, 1 2(14aY)
since © uix)
u(x
p.v./ I__dy =0.
o X =Y !

Thus the second equality in (5.10) follows. The first equality in (5.10) follows
by similar considerations.

6. THE JUMP RELATIONS

Fix a point X. For any z > 0, the point x = X + z€; belongs to Q,. We
shall evaluate lim,_, E o(X + ze;), where Ea is defined by (4.12).
Notice that all the mtegrals which do not involve V ¥, are well defined also

at z = 0 and are continuous up to z > 0. Thus the sum of the terms in Ea
which may produce some discontinuity is

L L
6 -/0 o) () x V, ¥ (x - ) dy, +/0 ﬁp( )V, ¥y (x - 7)dy,
. L
+ = | IONLY, Y (x - P)dy,.

Write the first term in (6.1) in the form
L
- / eIy x By (%, 9)dy,
/ ()T ) = 0 ()T ()] X T, %" (x, = vy, 7 +a(x, - y,)) v,

— a(xl)J(xl) X /o Vy‘l”"(xl -y, z+alx; —y,))dy, (a= f(xl)).

Then, as z | 0 we get, by Lemmas 5.1-5.3,

L - _ 1 = € +ae
- [T 0007w x Rylxy. v dy, - 3H(@) x L222
(62) 0 l1+a

]. - é‘_aé‘
—~0J x 23 !
2 l+a

where

(6.3) Ro(x;,y) =V, ¥, (X =9) = V¥ (x; =y, £ (x)(x; = y))).
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Recalling (1.15) and introducing the unit tangent

e, +fd(xl)e3
{1+f/(xl)2}1/2

to S, we can write with (6.2) in the form

(6.4) 7=

L . - T -
(6.5) —/0 oI vy) x Re(xp, y) dy, - H(zzj) fj

-

If z <0, z— 0 then we obtain the same limit except that %f x H 1s replaced
by —1J x 7.
Similarly, for the second term in (6.1) we get,as z | O,

" i ¢ HopM). 1 ¢ pd)
(6.6) zws/ PR x"y')dy'+zws 26 ' 2iwe o
and for the third term we get the limit
L
ca 5 ca Higl)). 1lca, .
(67) ZO—E 0 a(y|)11(Y])Rk(x1,y1)dy1+EU"E 20 "5&11’1

If z<0, z— 0 we get the same results, but the last term in (6.6) and in (6.7)

have the reverse sign.
Setting ‘Pj = ‘I’kj , Rj = Rk, and

E/(x)= lim E (X),
X—X

x€Q,

we conclude that

Ei(fq:/ {""“01\11 ~oJ xR +—p(f)*}
0 c I,

L L
. = ca ca =
+la/0 (J ) ¥, —E ,D(I)\P el CI)CJ/O G'Ile

(6.8) . T T
—’C—aél/ Lo¥, - L H@) x 74 L AU
we; J 20 zwaj 20
ca Hal), 1= c p(q)d 1l ca , .
we. 20 Tii']xn;iws 2 ' T 2 we hn,

where “+” is for j = 1 and “—" for j = 2; here ‘I’j = %Y. (X —y) and

ﬁj = R'j(x1 V)
Similarly, setting
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27 Liiweo T, ¢ I
Ha(x)=/0 { J‘Pj+aIij+mp(J)Rj}

c

L L L
_ ia/ (I'x&)o¥, - ;—O‘ P2, + ;—a/ 203
(6.9) 0 0 U 0
ica® . [T 1 fyre ¢ HOW)

—_—T

Y iou 20

fﬁH(JJ‘)%’:F lI-‘x S —.—C—Mﬁ:F lc_a-ll’-i'

We summarize
Lemma 6.1, If [-7i=0, J-7i =0 along S, then the Ea(x), ﬁa(x) defined by
(4.7), (4.8) are uniformly continuous in each ﬁj and their limits on 8Qj are
given by (6.8), (6.9) respectively.

7. REDUCTION TO INTEGRAL EQUATIONS

Definition 7.1. We denote by (E I H ;) the vector field defined by (1.9)-(1.12),
where x; > 0 and x; <0, in (1.9), are replaced by x, > f(x,) and x; < f(x,)
respectively.

We shall try to solve (1.1)-(1.4) in the form

(7.1) (E, H)=(E;, H)+(E,, H )™

where (Ea , ﬁa) are defined by (4.7), (4.8) for some L-periodic surface fields
I,J (e, I-i=0, J-fi=0). A solution of the form (7.1) will incorporate
the condition (1.13), and as we shall see later on, the condition (0.1) will also
be satisfied.

Set
(7.2)
P Liow = 3 B c =R, R,
Tl(I,J)-/0 {TG (‘I’]—‘I’z)—a.lx(Rl—Rz)+%p() e e
T - Ca o R \I’ \},
+ia(J x €))a(¥, -¥,) - Ep( )é, (811 8_22)
- .
+€2 f R;]"Rz _lc_all-‘l _l‘:ll—z >
w & & w g, &
(7.3)

- Lfiw - - - " - i
1,7, )=/0 {—C—aJ(sl‘Pl—82‘1’2)+01x(R|—R2)+—p( )(R, - R))
—ia(T'x &)a(¥, - ¥,) - (f)—‘;p(f)(\yl - ¥,)é,
ica®

ca = = -
+ont (B~ Ry) = “2a g8, (¥, - \1’2)} :
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Lemma 7.1. (E, H) is a solution of (1.1)- (1.4) ifand only if I, J satisfy the
Sollowing conditions:

(7.4) iix(ﬁol—ﬁg)e_iax'—f+ﬁXT2(f’ /) =0,
- gl g2y —ax 1 — & C€2 T i
sy 7% BB T4 o [H(pD) + iaH (o)

+AxT,(I,J)=0.
Here and in the sequel, I-'I'g and E'é stand for E 7 and ﬁf in .Qj.

Proof. If E, H satisfy (1.3), (1.4) then (7.4), (7.5) follow using (6.8), (6.9)
and noting that i x T = —¢&,, i x (J x 71) J, iix (I'x#)=1I. Conversely,
f I, J satisfy (7.4), (7.5) then clearly /-7 =0, J-7 =0 and therefore if
E , ﬁ are defined by (4.7), (4.8) then they satisfy (6.8), (6.9). It follows that

(7.4), (7.5) imply (1.3), (1.4).

-

Definition 7.2. Introduce the space
(7.6) X = { g(x,); g(x,) is L-periodic continuous function on R'

with flgf = _ max /2|g(x,)|}-

Consider the operator

L
(7.7) Tig— /0 G(x,, v)gv,) dy, .

where G(x,, y,) is continuous for all (x,,y,), x; # y,, and |G(x;, y,)| <
Clx, —yll_”e (¢ >0). Then T is a compact operator from X into X.
We need to look more carefully at 7| and T7,. By integration by parts

L oW o L d = .
/Op( )(Iel—R2>=—/0 o), gy B = Ry,
0

Liw
(7.8) T,= /0 70(81 -&)JY¥Y, +T,,
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(7.9) —ia(I'x &)o(¥, - ¥,) + w—uaJ _—

0

G, isa 3 x 6 matrix and (I', J) is a column vector with components [ Ir J;.
Since ¥, - ¥, and Rl - ﬁz are smooth functions,

0 0

: < =l==,==]].
(7.10) VG, < C (V (Bxl 6y1)>
In particular, T2 is a compact operator from X into X (more precisely, from
X% into X*).

Similarly we can write
(7.11) r= (L 1Y "R - iaws)+ T

. 1=\, " g iwop 1 1€1 1>
where

A

- = Ljw - - - -
1,7, )=/0 {—"a (¥, -¥,) - oF x (R, - R))

L - =
= [ 6,0 )

and G, isa 3 x 6 matrix,

1
(7.13) |G1(Xl,yl)|SC10gm+Cl,

G,(x,, y,) is continuous in x,, y, for all x, # y,. It follows that Tn is a
compact operator from X into X .
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If we substitute (7.8), (7.11) into (7.4), (7.5), we get

ix(Hy—H)e ™ - T
(7.14)

-

+%(8|—82)ﬁx/ oJ¥, +ixTy,I,J)=0,
0

(115) nx (B EDe™™ 4 J+ 9% G ) + iaH(oT,)]

€&, 20w
& &
€€,

Eﬁx/o p(N(R, —ia¥ ) +iix T, =0.
Lemma 7.2. If K =i x fOLaf‘Pj and J-7i =0 then
(7.16) (K) = —d—(K o) = —LH(alJ,) - i, (R + f'(x)R)d

: p dx ) 27 [ 7R X)R;)ay,s

5 1
where Rj = (Rj , Rj , Rj).
Proof. Notice that
T =06, + f(x))&) + J,é,.
We have
Lo . . L . 1 L
K =K-é =—(nix l)-/0 aJ‘{’j = E/o aJZ‘I’j.

Let x, =X +z€; = (x|, z+ f(x;)) (z+#0) and consider

L
| o0, x, - 9y,

Then
(7.17)

d L 0¥, i
29 = [otnm (GE £ 8x3 (x. - ) dy,

oY oY
(5;1_ + f(x|)a—)c3>
(X, = Vs 2+ £ (x)(x, = y)))dy,

L oY oY
+ [ o050 - ot it (5 + o5 )

0x,

= o(xl)Jz(xl)/

0

(X —y1a2+flx)(x|_y1))dy1
L
- /0 o) HODIR, (5, )+ [ ()R (%, 9)]dy,.

where R,  is defined as in (5.4).

Using calculations as in Lemma 5.2, we find that the first integral on the
right-hand side is equal to zero. Similarly, by the calculations in Lemma 5.3,
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the second integral on the right-hand side is continuous in z (up to z = 0)
and is equal to —3H(oJ,) when z =0.

Since the last integral in (7.17) is also continuous in z, up to z = 0, we
conclude that (7.16) holds.

Let us now substitute I from (7.14) into those expressions in (7.15) which

-

involve p(I), noting that by Lemma 7.2,
p(D) = p(i x (Hy - Hy)e"™) + p(i x Ty(I, J)

(7.18) iw 1 L

- (e, —¢)) EH(0J2)+/0 a,(Ry + f'(x,)R}) } .
Since H’u = Hz(ux[_L,L]) +H2(ux[_L,L]c) and H>v = —v for any v €
L2(Rl) , we obtain
(7.19)

(81 - 82)2

48]82

{H [p(r’i x (Hy = HD)e™ ™) + p(a x Ty(T, J

=1 22, —a 7 2
x (Ey— Ey)e™ ™" +J + (e, + &, H (X_p 1))

€ — &, C€,
€&, 2iocw

_ L L o i -
I B B {p(ﬁx(Hol—Hg)e'x‘)+p(h‘><T2(I,J))
0

In view of (7.10),
(7.20) T, = p(7i x T,) is a compact integral operator.
Also, from (7.14)
(7.21) T'=7ix (Hy — Hy)e "™ + T,(I, J), T, a compact integral operator.

Using (7.21) in evaluating the term iaH(ol,) in (7.19), using also (7.20), and
noting that

/ H(cJ,)(R, — a¥,é))

is a compact operator, we can rewrite (7.19) in the form
2

=4 (81 -82) = - A - -
(7.22) T+ g he =L+ L ),
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where jo depends only on the vectors E}; - Eé , ﬁol - 1-75 , and it vanishes if
both vectors vanish, and T(f, J) is a compact integral operator.
If we finally denote

(81 - 82)2
J, + iee, by J,,
we see that (7.21), (7.22) reduce to
(7.23) I=0+7,0,J), J=Jy+Ty,J)

with J; as above, I, = n x (H, — H.)e™'**, and slightly modified T, 7.
We have proved
Theorem 7.3. The system (7.4), (7.5) is equivalent to the system (7.23) where

T4, T5 are compact linear integral operators in X ; consequently the Fredholm
alternative holds.

It follows that the system has a unique solution except for a countable number
of values of the parameters ¢, ¢,, 4.

8. A SIMPLIFIED INTEGRAL SYSTEM
Recall that

) = (@ + £ (x)E,).

a(x,)
* 1 L o
ilx) = Sy ()8~ &)
and (¢,, T(x,), fi(x,)) is a moving orthonormal frame along S, with 7 x /i =
é‘z .
Let us write the possible solution I, J of (7.23) in the form

&.1) I(x)) = 1.(x,)(x,) + I,(x)&,,
' J(x,) = J(x)T(x,) + J,(x,)é,.

T

Notice that along S

7ix (Hy - I:I(f)e_iax' =a(x,)(x,),

i x (E(; - Eg)e_iax' = b(x,)é,.

If we take the scalar product of the equations (7.23) with &, and 7(x,)

respectively, we get a system of linear homogeneous equations for I,, J, of the
form

(8.3) L=w(,,J,), J. = W,(1,, J,).
Similarly, if we multiply the equations in (7.23) scalarly by 7(x,) and é,,
respectively, we get a system of linear integral equations of the form
I.=a+ W, J,),
JL=b+ W, J,).

(8.2)

(8.4)
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If the first Fredholm alternative holds for (7.23) then the first Fredholm alter-
native holds for both (8.3), (8.4). Therefore we must have

(8.5) =0, J,=0.

Of course, the trivial solution (8.5) is always a solution of (8.3). Thus, in seeking
a solution of (7.23), it seems reasonable to always choose I, =0, J =0 and
concentrate just on finding a solution to (8.4).

Theorem 8.1. If the first Fredholm alternative holds for (7.23), then the unique
solution has the form

(8.6) =1z, J=Ug¢

T

and the solution of (1.1)-(1.4) has the form

(8.7) E=Eé +E;¢,, H=HZg outsidesS.

Proof. We have already proved (8.6). To prove (8.7), notice that J, = 0 and
p(J) = 0. It is now easy to check that all the terms on the right-hand side of
(4.13) are vectors parallel to ¢€,. It follows that H= H,é, . Similarly one can
check that all the terms on the right-hand side of (4.12) are orthogonal to ¢, ,
and the first assertion of (8.7) thus follows.

9. UNIQUENESS

Set

2y 12
kf—(a-z"—”>} ., ImBl>0(n=0,%1,+2,...),

2y 172
2={k§—(a-2”—”)} . Impi>0(n=0,+1,+2,...).

From (7.1), the representation (4.12), (4.13) and Theorem 3.2 we deduce that
(9.2)
L (B By Nl RS i s f] e,

(E, H) = jax 2_—i2nnx,/L-if;
€N ® Nz i k< | f] e

and |N,{ | < C/y/1+|n|. The coefficients N,: are called the reflection coeffi-
cients, and the coeflicients N: are called the transmission coefficients.

Theorem 9.1. Suppose (E, H) is a solution of the Maxwell equations (1.1),
(1.2) outside S, satisfying (1.3), (1.4) such that e™"**\(E, H) is independent
of x, and is periodic in x, of period L. If (E, H) has the form (9.2) in
{lx;] > |fl e} with vectors N,{ uniformly bounded, then (E, H) is unique
provided the first Fredholm alternative holds the system (7.23).
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Proof. Suppose there are two solutions and denote by their difference (E, H).
Then

1 —i27'mx|/L-+—i,6,',x3

03) N ) YR Me if x> | f],e
. ) - . - p2
YO G MieT T x| f] e

-

Set [=—-7fixH, J=AxE, I'lefe_iax', .ﬁl:fe"iax' and define

- -

F(I(y), J(y), ¥ (x =)
= {"”T“fwwk(x =)= T ) x V, ¥, (x =)
+ l.—;;vxu(y) SV, (x = )]+ iad (9) x &Y, (x ~ ¥)

ca = -
+ = [[y)- V¥, (x =), + 1,9, ¥, (x = )]

ica’
"‘Bg—é‘lll(y)qlk(x _y)}

If we use the integral representation [7, p. 130] for E, H in
D, ={f(x)<x3<Y,-mL<x <mL},

where Y > |f], , then we obtain a representation similar to (2.3), (2.4) with
S replaced by dD,, . Integrating with respect to y,, —oo <y, < oo, and then
letting m — oo we find (since

2 i(z—n/4)

Hél)(z)~ —e as z — oo;

e.g. [6, p. 962, §8451, #3]) that the boundary integrals over x, = £mL converge
to zero. To the remaining integrals (on S and on y, = Y ) we apply the process
which led from (2.3), (2.4) to (4.7), (4.8). We thus obtain the representation

e E (x) = | FU), ), ¥ (x = y) ds

where Dy, = {(x;,x;);0 < x; < L, f(x;) < x; < Y}. By periodicity, the
integrals over x, =0 and x, = L cancel each other. Therefore

¢ E(x) - / F(I, J, ¥ (x =)y, fy))o(y)dy,
(9.4) °

L
- _/0 FU,J, ¥, (x =)y, Y)dy,.

By Theorem 3.2 and (9.3), the left-hand side has the form

fa, X, +iflx 2nn
ZKne ! 3 (an = _L ) s
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whereas, by Theorem 3.2, the right-hand side of (9.4) has the form

. Lol
i, x, —if,x
E:Rne nX1 n3,

where R, = R, (Y). Letting Y — oo, we get

. e . ol
ZK ezanx1+tﬂnx3 _ ZR (Oo)eza"xl—tﬁ"x3
n n

. pl .
for all x, > |f];«. It follows that K eP™* = Rn(oo)e"ﬂ':"3 for all x; >
| f1, , which implies that K, = R, (c0) = 0. Thus, the right-hand side of (9.4)
converges to zero as Y — oo, and we obtain

. N L = -4
e E(X) =/0 F(I, 7, ¥, (x=y),, f0)o(v) dy,.

This representation is the same as (4.7), and similarly we derive a representation
for H as in (4.8). A similar representation holds in {x; < =f}. Letting
x, — f(x,) and using the jump relations derived in §5, we find that I, J must
satisfy the homogeneous version of the system of integral equations (7.23).
Since for this system the first Fredholm alternative holds, =7 =0 and
therefore E=H =0.

10. PIECEWISE SMOOTH INTERFACE

In this section we extend the results of the previous sections to the case where
S is piecewise smooth and is not necessarily a graph in the x,-direction. We
take S to have the form
(10.1)
S ={(x;, %y, X3)5 x, = £1(5), x3=f3(5), —00< s <ooand —o0 < x, <oo},

where s is the length parameter, and assume that for some /, >0, L >0,

(10.2) fi(s + nly) = nL + f,(s),
' fi(s+nl) =f,(5) (-co<s<oo, n==%1,%2,...),

(10.3) /;(s) are continuous for all s € R'.

Denoting by s, <s, <--- <s, the points of discontinuity of the derivatives of
fj in the interval 0 <s </, and setting s, , = [, +s5,, we further assume that

(10.4) fi(s) is in Cz[s[., s;qlforl1<i<n.

Notice that our assumption on S include the case where SN {x, =0} is a
step-function, i.e., x; = f(x;) where f is piecewise constant.
Set | = Sn{x, =0}, I(s) = (fi(s), 0, f;(s)) and introduce the tangent
€, x

T= d-‘/ds and normal 7 = 7. We shall also write y(t) = f(t) .



490 XINFU CHEN AND AVNER FRIEDMAN

We begin with the representation (2.3), (2.4), but take I, J to have the form
Iym)=1n =10, 1) =1(@),

Jy() = J(@t) = J(1)e,, J()=J(@);

the general case where

(10.5)

I=1(0)71) + 1(1)e,,
J = J(0)é,+ J(1)(1)
can be handled similarly. However, as in §8, we can derive a system of equa-
tion for (7, J) and (separately) for (I,, J,), and the system for I,, J, has a
solution I, =0, J, =0.

Assuming (10.5) we have

(10.6)

(107)  JOF, ¥ (x - y(0) = T - (3, B8, +8,,%,8) =0,
(10.8) p(010) = LiounTvn) 1= 0.

Proceeding with (2.4) and using (10.5), (10.7) we obtain analogously to (4.8):
b (iwe o
H (x) = / S (x = p(0) + 1) X 9,9, (x - 9(0)
(10.9) 0

—ia(I(t) x &)¥, (x - y(t))} dt.

Similarly, proceeding with (2.4) and using (10.5), (10.8) we obtain analogously

to (4.12):
(10.10)
ly i - -
Ex)= [ {""7“1(z>‘vk(x — ¥(0) = T () x ¥, ¥, (x = »(1)
dl
ﬁ—%vywk(x - y(t))} dt
b . !
+/0 {ia.l(t) x &, - %%a . l;—asl(t)é‘l(t)} ¥, (x — y(1)) dt
ca I°
+ wz J, 1)V ¥, (x —y(1)dt.
We set
(10.11) 2={0,5,...,5,}.
Lemma 10.1. If s € X then, for any u € L2(0, L),

. .
lim ’ 0 u(I)M dt exists.
e=0J f1i=s|>e) [/(s) — 1(2)]

Proof. We have
(10.12) I(s) = (1) = (f](5)€, + £i(5)&,)(s — 1) + (s = )’ F (1),
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where F(t) is continuous in ¢. Hence

I(s) - I(1) _f’ )é, + £1(5), .
|i(s) - I(0)? s—1 +F (1),

where F,(¢) is continuous in ¢. Using the Hilbert transform properties, the
assertion of the lemma follows.

Lemma 10.2. Let x = f(s), s & X. Then for any L? function u(t),

. 10 d
zl_lﬁl() ; u()V, ¥, (x + zfi(s) — y(¢)) dt

z#0
1. 1 ly T(S) r( )
_. 1 1 hd —~_d
£ HSUls) + 7PV /0 e TR
I 1 1
+/0 un)v, ( K (x = (1) = 1°gm) a
holds for a.a. s.
Proof. Since
1

¥ (x-y) =¥, (x~-y) - B

is a continuous function, it suffices to prove that

IN 7T\ _ T =
5% [, O T e
(10.13) ##0

10
= 57e)u(s) + zpv. [ ulo)

- -

f()—f()zdt.
|/(s) = I(2)]

Since

- -

\[(s) = I(t) + zii(s)* = |i(s) = [())* + 2° + 2z7i(s) - (I(s) - [(1))
=s—-0"+22+20((s -} +O((s —1)*) (by (10.12)),

we have

-l =08 | ae q

11(s) = 1(t) + zAGS)?  (s—1)°+z
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where A(s, t, z) is continuous in all variables. Hence

-

. ly f(S) [()
1 =
z—l>r:r§:10/0 u(t)u(s)—l(t)+ A(s)? 74
b (s = Ts)u(s)
2 2

dt+ llm/ u(t)A(s, t, z)dt

b(s—0)F s><)z;(z> —u(s))

1 |

LN OEY OIS
=p. | o — 1o

by reversing the previous steps in the case z = 0. Next

zi(s) . 1 zZ+|s—t
— = 0
\I(s) = I(t) + zAi(s)|? ZR(s) [(s —1)? + 2? - ((s -0+ 22)

I = /
im [ — ;zn(s) > dt=r(s) lim ’ u(tz)z 5 dt

z=£0Jo |I(s) = I(t) + zu(s)| =30Jo (s—-1)"+z

= mA(s)u(s)
Combining this with (10.14), the assertion (10.13) follows.

Using Lemma 10.2 we can now deduce from (10.9), (10.10) that

E*(x)= lim E (x+zii(s)), H"(x)= Lim H (x+ zA(s))
z—30 @ z—+0 ©

exist for any x = x(s), s € X, and, setting Ei(s) = Ei(x(s)), ﬁi(s) =
a* (x(s)), we easily get

(10.15)

i(s) x (H(s) = H™(5))

. N
- {1(3) + ’—69/0 (e,%, — &,%,)(x(s) — p(1))J (1) dt

o 0 0
v [M10 (B0 - 075 ) (%, = E)x(s) - o) de

Iy
-/0 iad (1)(¥, — ¥,)(x(s) = ¥(5))./3(2) dt} T(s),
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and (using also (10.13))
(10 16)
E+

{, Y, i «»]

($)(/(8) = £1(0) + £(s) ~ A0 4
\l(s) - 1( )I

< [%H 110 (ﬂ(s)aiylwé(s)gay—a)

. (—— - ——) (x(s) —y(2)) dt

ly bl a
+ [ [ﬂ(s)a—g - sz
+ & [w+ I(t)] fi(s )(%—E> (x(s) — y(1)) dt

w Jo | dt , &

[0
+f {ta/;m.f LY OVAD +f§(s)f;(t>11(z>]
(, — ) (x(s) - (1) dz} :,

Following the procedure of §7 we now wish to substitute / from (10.15) into
(10.16) in order to get rid of the derivatives dI/dt in (10.16). We require here
a lemma analogous to Lemma 7.2 whose proof uses Lemma 10.2:

Lemma 10.3. If
10
Lu= /0 u(t)(e,¥, — &,¥,)(x(s) — y(1)) dt,
then
lo
(%Lu) (s) = 82% ; u(t) (¥, —¥,)(x(s) —y(1)dt

b=ty o Es) s - Tw)
P p'V'/o “o |1<s>—l(z>|

e)/ ( 6y. +A6) 3y3) (x(5) - y(1)) dt.

The proof is omitted. R
Introduce the operator H :

(10.17) Hu(s) = %p.v./o’o u(ny T ) =0

—+
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If we substitute I from (10.15) into (10.16) and use Lemma 10.3 and the
notation (10.17), we get a system

I+T,(I1,7)=-1,,

(10.18) o (81—82)2

~2 ~ ~
s H )+ T,U, 1) = -7,

where 1,7(s) = —r(s) x (ﬁg(s) - I-I'O_(s)) and .70 depends on both I, and
il x (Eg - Eg Je~"**1: for any 1 < p < oo the operators T, TZ are compact
integral operators in the space X ) of L ly-periodic functions defined on the
curve SN {x, =0} with the L”(0, /,) norm.

Thus the only essential difference between (10.18) and (7.21), (7.22) or (8.4)
is that in the previous system H was the bounded operator H (the Hilbert
transform) satisfying H? = —1 whereas now we have an operator H which is
not as “nice” as the Hilbert transform. We nonetheless have

Lemma 10.4. H is a bounded operator in X b that is,

”Hu“LP(oJO) < C”u”LP(oJOy
Proof. We first consider the behavior of (Hu)(s) for s near a point s, where
7(s) has a discontinuity. For simplicity we take 0 <s; </;. (If 5, =0 we can
work with ff,o instead of fol" (in (10.17)), since u and [ are /[ -periodic. Set

& = T(s, +0) — (s, - 0).

Suppose s; < s < s5;,, and consider the portion of the integral (Hu)(s) from
t=s; to t=s, . Then the integrand satisfies

-

10.1 #(s) - (lls) — (1) _ u()
(10.19) u(t) 5 < ToP —

+u(t)F,, F,bounded

(since 7(-) is in Cl[s,., IR
Next consider the portion of the integral (Hu)(s) for s;_y <t<s;. Intro-
duce the auxiliary C'*' curve l';(t) in [s;,_,,s,;,,] defined by

i

=1(t) ifs,;<t<s

L=l +a(t-s;) ifs,_ <t<s,.

~

*

i+1°

i

~

Then

- -

T(s) - (I(s) = I() _ T(s)-[T(s)(s —t) —alt = 5;) + O(s — 0%
I(s) - In)? |7(s)(s — 1) — Gt —5,) + O(s — 1)
Notice that for s > s,, 7(s) = (s, + 0) + O(s —5;). Since also (s, + 0)-
7(s; — 0) > —1, the denominator in the last fraction is > c[(s — s,.)2 +(t— si)z]
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(c > 0). It now easily follows that, for 5;,_, <t<s,,

(s)-((s) = 1(1) _ u(®) It s, + (s — 1)
“ ) -Tyl =1 C(s—s,~)2+(t—s,‘)2|u(t)|
-t
(10.20) ( (-3 t—s,)z)“‘(t)'

(since (s — #)* < (2(s - S,~)2 +2(s; - %)

§C<1+L)|u ]
since ¢ <s; <S.

We have thus proved that, for s, <s<s,,,,

= [1(s) = 1(2)
s; Siv Sis1
SC/ Mdt+C/ |()|dt+/ ) gy
Sy L=s Si—1
— CH(uly, ,)(s)+C / u(t)|de+ |Hugy, . )l

A similar estimate holds for s in the mterval (s;_y» s;) and clearly also for s in
(0,s,_,) orin (s, ;). Since H isa bounded operator in L? | the assertion
of the lemma follows.

We summarize:

Theorem 10.5. Let S be given by (10.1)-(10.4). Then there exists a solution of

(l 1)-(1.4) of the form (8.7) if there exists a solution I, J of (10.18), where
T are compact linear integral operators in X, and H is a bounded linear

operator in X,, given by (10.17); here p is any number satisfying 1 <p < c0.

Remark 10.1. Theorem 9.1 extends to the case where S satisfies (10.1)-(10.4);
thus, the solution having the form (9.2) is unique if the system (10.18) has a
unique solution.

In order to show that the system (10.18) is a Fredholm system of equations
we need to analyze H 2 more carefully. We shall be working with the spaces
X i 1 <p<2;if T is bounded linear operator from Xp to X » then its norm
is denoted by ||T|,» .

Lemma 10.6. Forany ue X, N X,
(10.21) H*u=-u+Du+Tu,

where D is a compact operator from LF(0, l,) into L*(0,1,) for 1 <p <2,
and

(10.22) 1 Tul| 0,0 = 4““”L 0,4)°
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3+2V2
(10.23) ”Tu”]}(o,[o) < 4 ”u“LZ(OJo)'

Proof. Using a partition of unity to write

u=Zx,.u

where y; is supported {s;_, +2d, s, ,—2d} for some é > 0, it is sufficient to
concentrate on H’(x,u). Setting

Li={uelL’(s,_,+0,s,,—06);u(t)=0ift<s,_ +26orif r>s,,, —25}

it is sufficient to establish (10.21)-(10.23) for u in L(l) N L(Z). (Here we have
taken for simplicity 0 <'s;_,, s,,, < /,;if s; is the smallest or largest point in
Z, then some small modifications need to be made, using the /-periodicity of
the functions u(¢).)

To simplify the notation we take

(10'24) S,'_1=—l’ Si—l+25=_%’ s4=0, S. —26‘—‘%, S.

]
We first consider a special case where
- {d’s if —1<s<0,
S) =

10.25 -
( ) Bs if0<s<1,

and |d| = |B|=1, d#§.

Lemma 10.7. The assertions of Lemma 10.6 holds for the case where u varies
in Lg and H*u is considered in LP(0, ly), provided (10.24), (10.25) hold.
Proof. We shall use complex notation

d=el=za, f=e"=p8

and set

-

A=1(-1), B=1[0), C
as if —1<s<0,

C(s)z{ﬂs fo<s<l.

We assume for definiteness that AC lies in Q, (i.e., above the curve S ), and
denote by I' the boundary of the triangle 4, B, C.
Since

-

(1),

d‘-l-'=Reaf, 5'f=ReﬂZ,
we can write

1 au(t
Re [, q5oem dts -1<s5<0,

nﬁu(s):{ |
Re [, A4-di, 0<s<l.

Define

_ [ u@
F(Z)_/_]Z—C(Z)dt forzeQ,

F(L(5) = lim F(L(s) +en(s)).
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where .
ia if —1<s5<0,
) = {

ip if0<s<l
is the normal to S pointing into €, .
Notice that for -1 <s <0,

0
. u(t
lim Re / o) 4
e—0+  J_j as+ iag — at

_ au(t)
=Re A—l LON\J @8 — at dr+ eLO+/, (s — ) [u(t) u(s)] dt

. s—1
+ lim | —————u(s)dt
e=0+Jy (s—1)" +e
where J is a subinterval of (-1, 0) symmetric about s. The last integral
vanishes by symmetry, whereas the limit of the preceding integral is equal a.e.

to

s—1
/J o t)2 [u(t) — u(s)]dt.

We conclude that

(10.26) lim Re / — Re /
z={(s)+en(s) 12— 1 C
e—0+
Similarly
(10.27) lim Im / D aull) 4
) z={(s)-(0)—en(s) —1z-C(1) - ’
e—0+

Using (10.26) we deduce that, for -1 <s <0,
Re(aF)({(s)) =Re / OPIA0] dt—nHu( s).

A similar result holds for 0 < s < 1; thus
Re(aF)({(s)) if —1<s<0,
Re(BF)({(s)) if0<s<].

If -1 <s <0, then by (10.28)
(10.29)
nszu(s) = nzfl(f!u)(s)

_ ' Hu(r)
"‘R"{“ C(s)—cmd’}

=zcl(1$n1mRe{ [/ Re(aF)(E(1) /RC'BF) dtl},

e—0+

(10.28) nHu(s) = {

where (10.26) was used in the last equality. Since
adt if -1<t<0,
acn={%
Bdt if0<t<l1,
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we have
(10.30)

Re(oF)(¢(0) Re(BF)(E()
“[/_1 e [ S d’J
( (

CYaFQW) (0 dm@F)((®) =RePFIED)
‘/1 z— i "/_1 PO dt+/0 {0)
)

_ (£ aF( ) o 0 iIm(aF)(C( )
_<£‘Z—Cd€ BC+CA Z—C C) /-1 z—{(1) at

aRe(BF)({(1))
+/0 —————(t) dt

=(—27ziaF(z) CAZ" S - / F) ﬂdt)

0]
_ O iIm(aF)(((2)) aRe(BF)(C( )
a/_l d’+/0 ¢
)

dt

P !

ai Im(.BF)( (t

= —2nia(F(z)+ G(z)) _/0 z-{(¢) a
o [ HmEF)E@)
O‘/_] z={(1) a
where
G(Z) 1 aF(C) dC

=2_7tl CA Z—C

in the last equation we used the relation aF = Re(aF) + iIm(aF). For —1 <
s < 0 we clearly have

m [ SIMEEE0) [ ailmpE)E)
dibiee Jy 200 @i |

and, similarly to (10.27),

) O ailm(aF)(L(t))
z=(1(lsl;l}-iat: —1 z-{()

e—0+

Im(@F)(C(0) 4,
-1

dt = nIm(aF)({(s)) + / |

Substituting (10.30) into (10.29) and using the last two relations, we obtain
(10.31)

n’H’u(s) = Re {—27tia[F(C(S)) + G(C(5))] - n Im(aF)(C(s))

9 Im(aF)(L(D) LiIm(BF)(£()
R Y R e d’}

[Im(BF)(C(1))

= nIm(aF)({(s)) + 2nIm(aG)({(s)) — Re / L) - ¢

t.
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Now, when -1 <s<0,

0
aF(@(o) = lim [ 00 gy [l gy,

oS+ 1lae—at

and using (10.27) we get

0 1
(10.32) aF ({(s)) = —imu(s) + /_1 :(Tt), dt+ /0 s _u}g/a dt.

Similarly, when 0 <s < 1,
0 1
But) . [t Bu)

BE(C(s) = e— 0+/lﬂs+iﬂs—at o Bs— Pt
_ ' u() O u(y)
= —inu(s) + [ £ i+ [ e
Using (10.32), (10.33) in (10.31), we get
(10.34)

B u(s)=n [—nu(s) +Im

(10.33)

bou(e)
0o §— ,Bt/a

YL O u(n)
—Re{az/o a5 — Bi [—nu(t)+1m/_lt_ar/ﬂdt]}dt.

Noting the cancellation

1 .
Re/ asalﬂt ()dt+7tIm/ u(t dt=0
0 _

dt} + 22 Im(aG)({(s))

we get from (10.34)
2B u(s) = — nu(s) + 2 Im(aG)({(s))

(10.35) +/011m (ﬁ) /_0. (Im?%r/ﬂ) u(t)drdt

provided -1 <s<0.
Similarly, if 0<s< 1,

nlH*u(s) = — nu(s) + 2n Im(BG,)({(s))

(10.36) 0 I 1 0 1
+ [y (s=a7p) [ (imipegs ) o e
with a corresponding function G, .
Noting that
1 1 t T
Im —sin" (0 —
s—Bt/a M —at/B ( ¢)s +2 24+ 1

if st <0, tt <0, we can rewrite (10.35), (10.36) in the form
(10.37) = -ntu+ Tu+ Du,
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where

Buls) { 2n Im(aG)({(s)),
2nIm(BG,)(L(s)),
(10.38)

Tu(s)=— {/_ll h(s,t) </_ll h(t, r)u(r)d‘c) dt} sin2(6 —-@)= —Kzu(s),

1
Ku(s) = [/—1 h(s, t)u(t)dt} sin(f — ¢),

and

0 if st > 0.

In the definition of G(z), the denominator is uniformly positive in absolute
value for all z = {(s), when s varies in the interval

h(s,t)={ }73157 if st <0,

S, +6<s<s_ ,—-6, ie, =-3/4<s<3/4

i-1
A similar remark applies to G, . Hence the operator D is compact from Lé
to L? (5;_y +9,5;,, —9). The restriction of Du from Lé to LZ(A), where
= (0, [)\(s,_, +6,s,,, —9), is also compact. Indeed, on A, Du coincides

with n’H*u,ie, Du=n f](flu) and Hi is smoothin A (i.e. analytlc) We
write Hu = Exj(flu apply H to each X (Hu), and express H()( Hu) in
($j_y—=90,8;,,+9) asin (10.37). We then find that Hu is a compact operator
from L0 into LZ(A)

We have thus proved that D,in (10.37), is a compact operator from L(l) into
L*0, 1,).

Next,

1 I
| Kull, 5/_lds /_lh(s,t)u(t)dl

1 1 n 1
s/_l (/1 IAs. t)ld8> lu(t)] dt < 5/_1 u(r)| dt,

which establishes (10.22). To prove (10.23) take first —1 < s < 0. Then

|Ku( )|</1|u(t)| dt<c )] dt
= st T %o 1=
> 1
=a | Uiy,
where ¢, is such that
t <C_O ie e = l+\/§'
T e 2
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Then

(o]

0 ) 0
/1|Ku(s)|2ds 5c§n2/l(muxlo,”))zdzgcgf/ (ux, 1) dt.

— 00

A similar estimate holds for 0 < s < 1 and thus
1 1
/ Ku(s)[2ds < > +42\/§n2/ () dt,
-1 -1

and (10.23) follows.

Proof v Lemma 10.6. As before it is sufficient to concentrate on H? with u

restricted to the space Lﬁ and H® considered in L? (0, Iy) . Using the notation
(10.24), we introduce a curve /() consisting of the two tangents to (f) at

t =5, =0. We write /() = [(¢) and denote by ﬁ,, ﬁi the operators H
defined with respect to / and [, respectively. Set

b=f -8,

If we can prove that D is a compact operator from L(l) into L2 , then the
assertion of Lemma 10.6 will follow from Lemma 10.7. To prove that D is
compact, introduce the function

(s, 1) = £ = 10)
11(s) = 1(2)]
and similarly k;.
Let —-1<s5s<0.If -1 <t<0, then
ki(s, t) = ﬁ,
whereas

4 T 2
k(s,t)= t(S)_,. [T(s)(s — 1) +d,(s —2 2) ]
(10.39) |T(S)(S — t) + dl(s _ t) ’

=E%7+d2=ki(s’t)+d ,

where the d ;’s denote uniformly continuous functions of (s, ). On the other
hand, if 0 <t < 1, then
PR -‘(as _-ﬂzt)
|as — Bt
and . " ) .
_(a@+dys)-(as—pt+dys”+d’)  a-(as— Bt) +d,
|as — Bt|* + d, |Gs — Bt|* + d
where |dg| < C(|s]’ +s%t+ 5|’ +2°), |d,| < C(£* +1|s|+57) . Since |as— f1|” >
c(s2 + tz) , ¢ > 0, we deduce that

ki

(10.40) k, = k;+d,, d, continuous.
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From (10.39), (10.40) we see that, for -1 <s <0,

(Du)(s) = /11 d(s, Hu(t)dt,
where d is a continuous function. The same result can be proved for 0 < s < 1
Consequently D is a compact linear operator from Lg into Lg .

Set

_ (g _82)2
(10.41) R X

We return to equations (10.18). Using Lemma 10.6 we can rewrite the second
equation in the form
(10.42) [(1+A)E - ,IT]J+DJ+T(I J)= J ,

where E is the identity operator. Set

0 n
(10.43) B=[(1+/I)E—/1T] (1+4) IZ<L> T":
n=0 A
this is a bounded linear operator in X ) provided
1+4
(1044) ”T”Lp < T

When this condition is satisfied we can rewrite (1.18) in the form
1+T,(1,7)=-1,,
J+BD+BT,(I, J) = -BJ,,

which looks like a Fredholm system.
By Lemma 10.6, (10.44) is satisfied if

(10.45)

(10.46) %<1%’1, p=1,
(10.47) 3+42‘/§<‘1;'1, p=2.

Recalling that ¢, = ¢, + ie}, &, >0, &/ >0, we have
[ 1\2 " "2
_ (6, + &) + (& +¢&)

> 1
2 " "\2 ’
() —&5)° + (¢ — &)

1 +,1{ (g +82)2
= 2

A (81 - 82)
so that (10.46) is always satisfied. Consequently we prefer to work in the space
X, . However this requires a careful look at all the terms in T,, ensuring that

they each are a compact operator in X, . Recall that in the operator 7~"2 there
enter operators which are obtained when we substitute / from (10.15) into
(10.16). The “worst” operator in T, is

[0 ~
e f1(s) /0 (FHu)(1) (5 - 5) (x(s) = (1)) dt,

& g

(10.48) ‘
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¢, constant. If u € L' then Hu isin (Ll)Weak , S0 that in order to make sense
out of the above operator we must write it in the form

R ORUORIIS) 1
eufs) [ el | S o8 ey e+ T

¢, is another constant, and T, is a compact operator in X, . The inner integral
has the form

’

1
) = y(z‘>|) “).

As in the proof of the previous two lemmas, it is enough to consider what
happens in a neighborhood of s, = 0 when /() consist of two line segments
meeting at ¢ = 0. Using the same notation as in Lemma 10.7, this reduces to

studying the operator KX :

K(t', s) = H <log

1
(10.49) Ku(s) =/ log(s — 7)(Tyu)(r)dt,
-1
where
1
(10.50) Tju(s)=/ hj(s, Hu(t)dt
—1
and
—l-t if st>0,
(10.51) ho(s, )=14 ° 7
s— if st <0.
s+t
Later on we shall also need to examine T,u where
>— if st <0,
(10.52) hi(s,)=3 s"+t A
0 if st > 0.

The operator K does not appear to be compact or even bounded if we con-
sider it in the L'-norm. We shall therefore resort to a weighted L'-norm

1
||u||a=/ ""t('ﬁ”dz, O<a<l.
-1

Lemma 10.8. The operator u — Ku from L(') into L' isa compact operator
provided both u and Ku are taken with the || ||, norm.

Here L' =L'(~1,1) and Ly={ueL';u(t)=0 if |f > 3}.
Proof. Write v = Ku and set

Then
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where

~ a 1
k(s,t)= ;—a/llogls—ﬂho(r, tydr,

and it suffices to show that K is compact from L(l) into L'.
If s >0, then, for t >0,

© ! dt 0 T
k(s,t)—;(;{p.v./o 10g|s—1|r—_t+/_llog|s—rlmdr} ,
whereas for ¢t <0

5 a 0 1
k(s,t)=;—a[p.v./llogls—rl—rd%t+/0 log|s — 1| ‘ drl.

£ +1?
A similar representation holds for s < 0. Using properties of the Hilbert
transform it is easily seen that

~

k(s, t) is a continuous function of (s, t) for all (s, t) except
(10.53) g
possibly s =0, t=0 or s=1.

If we can prove that
Ccr®

2
e [(log]|t])” + |log|s|log|t]]

(10.54) lk(s, )] <

then c
lk(s, 1) < = loglsll.

Using this estimate and (10.53), we can deduce by a standard argument that K

is a compact operator from L(l) into L'.
To prove (10.54) it suffices to consider the case s >0, ¢t > 0. Then

a 1 0
k(s,t) = ;—a [p.v./ log|s—r|;d_Lt +/ log|s — 1| ! d‘t]
0 -1

7, 2
(10.55) '+
ta
= ;;(Jl +J,)
and
] < / + / + /
|7]<s/2 s/2<|t|<2s |7]>2s
(10.56) clr>
< Cllogs||logt| + " / log|s — 7|dt| + C|logs| |log¢|
—5/2
< C|logs||log¢|.
Next

2t 1
(10.57) J,=pv. | logls— L +/ logs — 7|25 = I +1,
0 T—1 2 T—1
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Substituting t=¢+n in I; we get
t ot t o _ _
log|s — ¢ —n| dn ___/ log|s — ¢ —n| —log|s —t+ 7| dn
—t n 0 n
so that, upon substituting n = |s — ¢|&,

/°° log|(1+¢&)/(1-¢)| dé‘ <C
0 ¢ -

To estimate I, we substitute 7 = 2t + nt to get

V=2 1og|s — 2t — nt|
A

I, =p.v.

(10.58) I <

we may assume that 1/¢ > 2. Writing

-2
s=2t—nt=ty-n) wherey:sTt,
we obtain iz ez
=% |log!| =% log|n — 7l
< 10651 oeim—r
i< [ T | [ 2B gy
sllogtllog%+f2
where

. 1/t=2 1/t=2 1/t=2 |10g|'7—}’||
12=(/ 0 +/{ 0 +/{ 0 )—7]+1 dﬂ.

{In-yI<1} n<y—1} n>y+1}
The first term in 7, is bounded by

1
2 /0 |log&] dé

and each of the remaining two terms is bounded by
1 1/t d n 2

It follows that |I,| < C(log t)z. Combining this with (10.58), (10.57), we see
that

;] < Cllog2)”.
Recalling (10.56), (10.55), the assertion (10.54) follows.

Having proved Lemma 10.8, we remark that the compactness of all the other
operators in Tz is proved much more easily. However, since we shall be us-
ing the a-norm || ||, we still must extend also Lemma 10.6 and the estimate
(10.22).

The proof of Lemma 10.6, for the a-norm, remains essentially the same; the
only difference is that now we have a slightly different estimate on T, , namely

T
K .
(10.59) 1Tl < pogatrara ¥l
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T, is defined by (10.50), (10.52). The proof of this estimate follows from

Vi (s, D).
7y, <l sup [ P g
t - |S|
0 d
S/ — 0 (s=m)
o ni(l+n7)
_ n
"~ 2cos(na/2)"
From (10.59) we conclude that instead of (10.22) the following holds:
1
10.60 T < ——5——|ul..
( ) 171l 4cosz(m/2)ll llo

Denote by X, , the space X| where the L'-norm is taken with weight w(?),

() = { lt—s,|7% %flt—sil <a,
1 if |t -5,/ >0
for some small 6 > 0.
Notice that working with the space X, _, the condition (10.44) becomes

_ 1+4
1T, =Ty, < | ==

and, in view of (10.60), (10.47), this condition is always satisfied if 4 cosz(na /2)
>1,1e.,if 0 <a<2/3. In this case, then, the system (10.18) is of Fredholm

type.
We summarize:

Theorem 10.9. The system (10.18) in X, , (o € (0, 2/3]) is equivalent to the
Fredholm system (10.45) where BD and B7~"2 are compact operators in X, .
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